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Increasing demands on the physical fidelity of scientific
simulations have placed strenuous demands on available
computational resources. In many situations, such as
combustion, astrophysics, circuit simulation, electromagnetics, climate modeling, and fluid mechanics, the demand
for realistic detail in nonlinear ODE and PDE basedmodels requires model reduction in order to obtain the
quality of numerical results desired, subject to constraints
on computing power and time.
One popular category of model reduction techniques
is projection-based model reduction [1]. This class of
techniques takes the right-hand side of an ODE (1)
ẋ(𝑡) = f (x(𝑡), 𝑡)

(1)

and determines a projection matrix P from this righthand side and some additional data (typically reference
values for state variables and error tolerances). This righthand side is called the original model. The reduced
model (2) constructed by the technique is the right-hand
side of the ODE, premultiplied by the projection matrix
determined by the technique:
^˙ (𝑡) = Pf (^
x
x(𝑡), 𝑡).

(2)

Despite the considerable number of projection-based
model reduction techniques in the literature, no bounds
exist on the approximation error in the solution of a
generic projection-based reduced model ODE relative to
the solution of its corresponding original model ODE.
In the case of orthogonal projectors, bounds do exist
on this approximation error. A classical result on error
bounds for proper orthogonal decomposition exists for
linear systems [2], [3]. Rathinam and Petzold [4] proved
a result on error bounds for nonlinear systems, provided
that the projection-based model reduction technique determines an orthogonal projection matrix. However, most
projection-based model reduction techniques, including
balanced truncation [3], computational singular perturbation [5], and the linearized quasi-steady state approximation [6], construct skew projectors, to which the Rathinam
and Petzold result does not apply.
The contribution of this work will be to extend the
result by Rathinam and Petzold [4] to general (skew)
projection matrices. This result yields the first error
bound on solutions of generic projection-based reduced
models relative to their corresponding original model
solutions. The result places no restrictions on how the
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projection matrix is constructed, enabling it to be used
on all projection-based model reduction techniques. Consequently, provided that bounds on the logarithmic norm
of the Jacobian of the right-hand side of the reduced
model ODE and bounds on the Lipschitz constant of
the right-hand side of the reduced model ODE can both
be calculated, bounds on the approximation error due to
model reduction can be obtained for a wide range of
model reduction techniques, enabling techniques to be
compared on the basis of approximation error.
Extension of the result by Rathinam and Petzold [4]
requires the following definitions: Let P ∈ R𝑛×𝑛 be a
projection matrix of rank 𝑘. Consider solving the initial
value problem (1) subject to x(0) = x0 ∈ R𝑛 using the
^ (0) = P(x0 − x1 ) +
reduced order model (2) subject to x
x1 ∈ R𝑛 in the interval [0, 𝑇 ]. Let D ∈ R𝑛×𝑘 and A ∈
R𝑘×𝑛 be such that P = DA is a full rank decomposition
of P. Let B ∈ R𝑛×(𝑛−𝑘) and C ∈ R(𝑛−𝑘)×𝑛 be matrices
such that I − P = BC is a full rank decomposition of
I − P. Write the solution (of the original model) x(𝑡) and
^ (𝑡) (of the reduced model) as
the solution x
(3)

x(𝑡) = Du(𝑡) + Bv(𝑡) + x1
^ (𝑡) = Du(𝑡) + Dw(𝑡) + x1 ,
x

(4)

where u(𝑡) ∈ R , w(𝑡) ∈ R , and v(𝑡) ∈ R
.
^ (𝑡) − x(𝑡) be the approximation error
Let e(𝑡) = x
incurred due to model reduction. Define e𝑖 (𝑡) and e𝑜 (𝑡)
such that
𝑘

𝑘

(𝑛−𝑘)

e𝑖 (𝑡) = Pe(𝑡)

(5)

e𝑜 (𝑡) = (I − P)e(𝑡),

(6)

such that e(𝑡) = e𝑖 (𝑡) + e𝑜 (𝑡) and define x̃(𝑡) =
P(x(𝑡) − x1 ) + x1 . Then it follows that
e𝑜 (𝑡) = −Bv(𝑡),

(7)

e𝑖 (𝑡) = Dw(𝑡),

(8)

x̃(𝑡) = Du(𝑡) + x1 .

(9)

Let 𝛾 ≥ 0 be the Lipschitz constant of Af (x, 𝑡) in the
directions corresponding to 𝒩 (A) in a region containing
x(𝑡) and x̃(𝑡). To be precise, suppose that
‖Af (x̃(𝑡) + Bv, 𝑡) − Af (x̃(𝑡), 𝑡)‖ ≤ 𝛾‖v‖

(10)
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for all (v, 𝑡) ∈ 𝐷′ ⊂ R(𝑛−𝑘) × [0, 𝑇 ], where the region
𝐷 is such that the associated region 𝐷′′ = {(x̃(𝑡) +
Bv, 𝑡) : (v, 𝑡) ∈ 𝐷′ } contains (x̃(𝑡), 𝑡) and (x(𝑡), 𝑡) for
all 𝑡 ∈ [0, 𝑇 ]. Define 𝜇(X) to be the logarithmic norm
(related to the 2-norm) of X:
′

‖I + ℎX‖ − 1
.
𝜇(X) = lim
ℎ→0,ℎ>0
ℎ

(11)

Let 𝜇(A𝐷x f (x1 + Dz, 𝑡)D) ≤ 𝜇
¯ for (z, 𝑡) ∈ 𝑉 ⊂
R𝑘 × [0, 𝑇 ], where the region 𝑉 is such that it contains
(u(𝑡), 𝑡) and (u(𝑡) + w(𝑡), 𝑡) for all 𝑡 ∈ [0, 𝑇 ]. Let 𝜀 be
defined by

𝜀 = ‖e𝑜 ‖ =

(︃ ∫︁

𝑇

0

)︃1/2

‖e𝑜 (𝑡)‖2 d𝑡

.

0

)︃1/2

𝑇

‖e(𝑡)‖2 d𝑡
(︃

+ ℎ‖Af (x1 + Du(𝑡) + Bv(𝑡), 𝑡)
− Af (x1 + Du(𝑡), 𝑡)‖ + 𝑂(ℎ2 ).

(13)

ẇ(𝑡) = Aė𝑖 (𝑡) = Af (^
x(𝑡), 𝑡) − Af (x(𝑡), 𝑡)

Then
‖w(𝑡) + ℎAf (x1 + Du(𝑡) + Dw(𝑡), 𝑡)
− ℎAf (x1 + Du(𝑡), 𝑡)‖ =

Applying the multivariate mean value theorem to g
yields

𝜅≥

𝜂∈[u(𝑡),u(𝑡)+w(𝑡)]

≥

𝜂∈[u(𝑡),u(𝑡)+w(𝑡)]

sup
sup

‖I𝑘 + ℎA𝐷x f (x1 + D𝜂, 𝑡)D‖.
(22)

Here, for any two vectors 𝜂 1 , 𝜂 2 ∈ R , [𝜂 1 , 𝜂 2 ]
denotes the line segment joining the two. (Traditionally,
this bracket notation refers to intervals; however, the
convention used by Petzold and Rathinam [4] is followed
here.) Since the line [u(𝑡), u(𝑡) + w(𝑡)] is a compact
subset of R𝑘 ,
sup
𝜂∈[u(𝑡),u(𝑡)+w(𝑡)]

max

‖I𝑘 + ℎA𝐷x f (x1 + D𝜂, 𝑡)D‖ =
‖I𝑘 + ℎA𝐷x f (x1 + D𝜂, 𝑡)D‖.

It follows from (20), (21), (22), and (18) that
(16)

Applying a Taylor expansion for ℎ > 0, w(𝑡 + ℎ) =
w(𝑡) + ℎẇ(𝑡) + 𝑂(ℎ2 ), from which it follows that

‖w(𝑡 + ℎ)‖ − ‖w(𝑡)‖ ≤
(︃
max

𝜂∈[u(𝑡),u(𝑡)+w(𝑡)]

)︃

‖I𝑘 + ℎA𝐷x f (x1 + D𝜂, 𝑡)D‖ − 1 ·

‖w(𝑡)‖ + ℎ‖Af (x1 + Du(𝑡) + Bv(𝑡), 𝑡)

‖w(𝑡 + ℎ)‖ = ‖w(𝑡) + ℎẇ(𝑡) + 𝑂(ℎ2 )‖,

= ‖w(𝑡) + ℎAf (x1 + Du(𝑡) + Dw(𝑡), 𝑡)
(17)

Applying the triangle inequality to the previous inequality (17) yields
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‖𝐷g(𝜂)‖

𝑘

(15)

ẇ(𝑡) = Af (x1 + Du(𝑡) + Dw(𝑡), 𝑡)

+ 𝑂(ℎ2 )‖.

(21)

where

𝜂∈[u(𝑡),u(𝑡)+w(𝑡)]

− ℎAf (x1 + Du(𝑡) + Bv(𝑡), 𝑡)

(20)

‖g(u(𝑡) + w(𝑡)) − g(u(𝑡))‖.

It follows that

− Af (x1 + Du(𝑡) + Bv(𝑡), 𝑡).

(19)

g(𝜂) = 𝜂 + ℎAf (x1 + D𝜂, 𝑡).

=

)︃
𝛾 2¯𝜇𝑇
1/2
‖e‖ ≤ 𝜀 1 +
(𝑒
− 1 − 2¯
𝜇𝑇 ) ‖D‖‖C‖ .
2¯
𝜇
(14)
Proof: The proof follows the development of Proposition 4.2 in [4]. Since e𝑖 (𝑡) = Dw(𝑡) and AD = I𝑘 , it
follows that Ae𝑖 (𝑡) = w(𝑡), so

(18)

Let g : R𝑘 → R𝑘 be the function

‖g(u(𝑡) + w(𝑡)) − g(u(𝑡))‖ ≤ 𝜅‖w(𝑡)‖,

and the 2-norm of the function e satisfies
(︃ ∫︁

− ℎAf (x1 + Du(𝑡), 𝑡)‖

(12)

Given this background, the main result of this work is
as follows:
Theorem 1: The function e𝑖 satisfies
inf{𝐶 ≥ 0 : |𝑒𝑖 (𝑡)| ≤ 𝐶 a.e. on [0, 𝑇 ] } =
𝜀𝛾
(𝑒2¯𝜇𝑇 − 1)1/2 ‖D‖‖C‖,
‖e𝑖 ‖∞ ≤
(2¯
𝜇)1/2

‖w(𝑡 + ℎ)‖ ≤ ‖w(𝑡) + ℎAf (x1 + Du(𝑡) + Dw(𝑡), 𝑡)

≤

− Af (x1 + Du(𝑡), 𝑡)‖,
(︃
max

𝜂∈[u(𝑡),u(𝑡)+w(𝑡)]

)︃

‖I𝑘 + ℎA𝐷x f (x1 + D𝜂, 𝑡)D‖ − 1 ·

‖w(𝑡)‖ + ℎ𝛾‖v(𝑡)‖ + 𝑂(ℎ2 ),

(23)

which implies that
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‖w(𝑡 + ℎ)‖ − ‖w(𝑡)‖
≤𝜇
¯‖w(𝑡)‖ + 𝛾‖v(𝑡)‖ + 𝑂(ℎ),
ℎ
(24)
where the 𝑂(ℎ) term may be uniformly bounded independent of w(𝑡) (see [7], Equations 10.17 and 10.18).
Then it follows from Theorem 10.6 of [7] that
‖w(𝑡)‖ ≤ 𝛾

∫︁

0

𝑡

𝑒𝜇¯(𝑡−𝜏 ) ‖v(𝑡)‖ d𝜏.

(25)

Since e𝑖 (𝑡) = Dw(𝑡), it follows that
‖e𝑖 (𝑡)‖ ≤ ‖D‖‖w(𝑡)‖ ≤ ‖D‖𝛾

∫︁

𝑡

𝑒𝜇¯(𝑡−𝜏 ) ‖v(𝑡)‖ d𝜏.

0

(26)

After applying the Cauchy-Schwarz inequality on the
right-hand side, it follows that

‖e𝑖 (𝑡)‖ ≤ ‖D‖

𝛾
(𝑒2¯𝜇𝑡 − 1)1/2
(2¯
𝜇)1/2

(︃ ∫︁

0

𝑡

‖v(𝑡)‖2 d𝜏

)︃1/2

Using this new result, error bounds are illustrated for
a linear case study and a simple nonlinear case study,
demonstrating its validity.
In the future, this result will be augmented by extending
from orthogonal projectors to general (skew) projection
matrices a computational technique used by Homescu,
et al. [8] to estimate the approximation error incurred
by projection-based model reduction techniques. In the
event that it is not possible to calculate bounds on the
logarithmic norm of the Jacobian of the reduced model
or the Lipschitz constant of the right-hand side of the
reduced model ODE, this new technique can be used to
give modelers a better sense of the physical and numerical
fidelity of their reduced models. Both the rigorous error
bounds presented here and estimates to be developed
in future work will enable the construction of reduced
models that reduce the computational effort needed to
carry out their simulations while providing the error
information needed for reduced models to be useful in
applications.
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Applying the triangle inequality yields
‖e‖ ≤ ‖e𝑖 ‖ + ‖e𝑜 ‖
(︃
)︃
𝛾 2¯𝜇𝑇
1/2
≤𝜀 1+
(𝑒
− 1 − 2¯
𝜇𝑇 ) ‖D‖‖C‖ .
2¯
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(31)
It is worth noting that the bounds obtained for the skew
projector case are weaker than the case for the orthogonal
projector case because the matrices C and D no longer
have norm 1, and the Pythagorean theorem cannot be used
to obtain a bound on ‖e‖, because e𝑖 (𝑡) and e𝑜 (𝑡) are not
necessarily orthogonal for any given 𝑡.
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